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public void f (int n) {
while (n > 0) {

n—-;
}
}

int([] array = new int[n];

Closed
form
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}

public void f (int n) {

while (n > 0) {
int([] array = new int[n];
n--;

}
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The COSTA System

Input
program
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System
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}

public void f (int n) {

(n > 0) {
array = new int[n];

while
int[]
n—-;

}

T(n)=0 (n<0]
T(n)=4n+T(n—1) (n>0)

Closed
form

T'(n) =2n%*+ 2n
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The PUBS System

PUBS = Practical Upper Bounds Solver J

o Cost Relation Systems

o Nondeterministic (several equations appliable, inexact constraints).
o Multivariate.

e Computation of a closed-form upper bound (expression without
recursion)

o It is based on the notion of evaluation trees.

I

T(x) =1 {x<1}

‘ T(x-2) | 2%(x-2) ‘ ‘ T(x-1)
T =2x+ Tx-1) +T(x-2)  {x>1}

PR PR
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The PUBS System

Ranking functions

o Call-chain height h(x): Upper-bound to the maximum number of
unfoldings that may be undergone to reach a base case.

@ It is closely related to the concept of ranking function.

T T D e Tx-2)

h(x) = x
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Ranking functions

o Call-chain height h(x): Upper-bound to the maximum number of
unfoldings that may be undergone to reach a base case.

@ It is closely related to the concept of ranking function.

T T D e Tx-2)

h(x) = x

[§ A. Podelski, A. Rybalchenko.
A Complete Method for the Synthesis of Linear Ranking Functions.
5th International Conference on Verification, Model Checking and
Abstract Interpretation, VMCAI 2004
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The PUBS System

Polynomial ranking functions

@ The length of the maximal call chain associated with a CRS may not
linearly depend on the sizes of the arguments.

T(x,y) = nat(x) {x=10,y =0}
T(x,y) = nat(x)+ T(x—1,x—1) {x>0,y=0}
T(x,y) = nat(x)+ T(x,y—1) {x>0,y >0}
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The PUBS System

Polynomial ranking functions

@ The length of the maximal call chain associated with a CRS may not
linearly depend on the sizes of the arguments.

T(x,y) = nat(x) {x=10,y =0}
T(x,y) = nat(x)+ T(x—1,x—1) {x>0,y=0}
T(x,y) = nat(x)+ T(x,y—1) {x>0,y >0}

L TOY) [Ty e T(oy-2) =

h(x) = 0.5x*+ 0.5x +y
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The PUBS System

Polynomial ranking functions

Example (Taken from Shkaravska et al. PPPJ 2010)

while (i < x && J <= x) {

if (j == x) { i++; j = 0; 1}
Jt+;
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The PUBS System

Polynomial ranking functions

Example (Taken from Shkaravska et al. PPPJ 2010)

while (i < x && J <= x) {

if (J == x) { i++; J = 0; }
Jt+;
}
T(x,i,j)=0 {0>x}
T(xij)=0 {0>i}
T(x,i,j)=0 {i = x}
T(x,i,j)=0 {0>/}
T(x,i,j)=0 {{=x+1}
T(x,i,j)=14T(x,i+1,j) {x>1,i>1,x>y+1,j>0,x =}
T(x,i,j)=1+T(x,i,j+1) {x=1izlx>y+1,j>0,x>j+1}

h(x,i,j)=x?>—xi—j+1
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© Introduction

@ Polynomial interpolation-based techniques
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Testing & interpolation-based approach
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e AHA Project: Polynomial size analysis for a functional language.

@ CHARTER Project: Polynomial loop-bound analysis.
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Testing & interpolation-based approach

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

Num. iterations
400

0 s Input size 10 15
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Testing & interpolation-based approach

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

@ Step 2: Run the program for the given input size and measure results.
o Step 3: Polynomial interpolation.

Num. iterations
400

x3- 24x*+ 140x + 100
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Testing & interpolation-based approach

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

Step 2: Run the program for the given input size and measure results.

Step 3: Polynomial interpolation.
Step 4: Check the obtained bound.

Type system.
External tool (KeY).
If checking fails = try a higher degree.
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Testing & interpolation-based approach

An example

Example (Taken from Shkaravska et al. PPPJ 2010)

while (i < x && J <= x) {

if (j == x) { i++; J = 0; }
Jt+i
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Testing & interpolation-based approach

An example

Example (Taken from Shkaravska et al. PPPJ 2010)
while (i < x && J <= x) {

if (jJ == x) { i++; J = 0; }

Jt+i

> X-Xi-j+1

(SR SN U SN SN JURTEN L
B = = 0 BRI BD e ]
B B B = = = e s
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Compute ranking functions in PUBS by using polynomial
interpolation-based techniques, as an alternative to the
Podelski-Rybalchenko approach
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Our Aim

Compute ranking functions in PUBS by using polynomial
interpolation-based techniques, as an alternative to the
Podelski-Rybalchenko approach

Consequence
PUBS can deal with a broader set of recurrences
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Outline

© Integrating Pl into PUBS

Montenegro, Shkaravska,.. (UCM-RU) Interpolation-based analysis for PUBS FOPARA 2011, Madrid 15 / 29



Interpolation-based call chain height analysis

@ Generate a CRS Ty, capturing the height of the call chain.

TE=expt Y. T7) ¥ = Ta®=1+ max (Ty(7)} v
i=1 =1...

@ Apply testing & interpolation-based analysis to Tj,.
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Interpolation-based call chain height analysis

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

7,00

400
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Interpolation-based call chain height analysis

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

e Step 2: Evaluate Tj for the given test points.

7,00

400
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Interpolation-based call chain height analysis

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.

e Step 2: Evaluate Tj for the given test points.

T,
400
]
300 n
200 o
100
]
0 ] ] ] ]
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Interpolation-based call chain height analysis

o Step 1: Choose test points.

d+s

o Degree d, dimension s: (¢}

) points in a NCA configuration.
e Step 2: Evaluate Tj for the given test points.

o Step 3: Polynomial interpolation.

T,
400
]
300 n
200 o
100
]
0 ] ] ] ]

Montenegro, Shkaravska,.. (UCM-RU) Interpolation-based analysis for PUBS FOPARA 2011, Madrid



Interpolation-based call chain height analysis

o Step 1: Choose test points.

o Degree d, dimension s: (?!*) points in a NCA configuration.

e Step 2: Evaluate Tj for the given test points.
o Step 3: Polynomial interpolation.

x3- 24x*+ 140x + 100
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Interpolation-based call chain height analysis

o Step 1: Choose test points.

o Degree d, dimension s: (d“) points in a NCA configuration.

Step 2: Evaluate T}, for the given test points.

Step 3: Polynomial interpolation.
Step 4: Check the obtained bound.

Sufficient conditions:

T+( )>0
T,F(X) > 1+ T,H (X') whenever the recursive guard y,(x,x") holds

Existing tools: QEPCAD
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Interpolation-based call chain height analysis

Example (1)

T(x,y,z)=
T(x,y,z) =
T(x,y,2)
T(x,y,2)

0

—1+T(zy 1,2)4+ T(x,y,z—1)
=1+T(x—-1y,z2)+ T(x,y,z—1)

{x=0,y=0,z>1}
{x>0,y >0,z=0}
{x=0,y >0,z>1}
{x>0,y>0,z>1}
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Interpolation-based call chain height analysis

Example (1)

T(va, ) 0 {X:O,y:07221}
T(x,y,z)= {x>0,y >0,z=0}
T(x,y,z) = 1+ T(zy-1,2)+T(x,y,z—1) {x=0,y>0,z>1}
T(xy,z2)=1+T(x=1y,2)+ T(x,y,z—1) {x>0,y>0,z>1}
Derived CRS
Th(X7y7 ) 0 {XZO,}’:QZZl}
Th(x,y,2)=0 {x>0,y>0,z=0}
Th(x,y,z) =14+ max{Tu(z,y —1,2), Ta(x,y,z—1)} {x=0,y>0,z>1}
Th(x,y,z) =14+ max{Ty(x —1,y,z), Tp(x,y,z—1)} {x>0,y>0,z>1}
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Interpolation-based call chain height analysis

Example (I)

Th(x,¥,2) | Interpolation returns:

w

T;r(x,y,z):yz—i—x—l—y—{—z—l

N = =N W N ==X
RN FRW N R RN R
WINININ R R, R R RF|N
N[OOI N[O O B O1

T+(x y,z)= onat(yxz+xty+z-1) _ 14 o pnat(yxzt+x+y+z-1)
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@ Step 1: Choose test points.

d+s

%) points in a NCA configuration.

o Degree d, dimension s: (
e Step 2: Evaluate Tj for the given test points.
e Step 3: Polynomial interpolation.
@ Step 4: Check the obtained bound.
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@ Step 1: Choose test points.

d+s

%) points in a NCA configuration.

o Degree d, dimension s: (
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e Evaluating a CRS is a difficult task because of nondeterminism.
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@ Step 1: Choose test points.

d+s
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o Degree d, dimension s: (
@ Step 2: Evaluate T for the given test points.
e Step 3: Polynomial interpolation.

@ Step 4: Check the obtained bound.

e Evaluating a CRS is a difficult task because of nondeterminism.
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@ Step 1: Choose test points.

d+s

%) points in a NCA configuration.

o Degree d, dimension s: (
@ Step 2: Evaluate T for the given test points.
e Step 3: Polynomial interpolation.

@ Step 4: Check the obtained bound.

e Evaluating a CRS is a difficult task because of nondeterminism.

o Choice between several equations.
e Choice between several values for the recursive calls.

Th(X):l—I— Th(X/) {0§X’§5}
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@ Step 1: Choose test points.

d+s

%) points in a NCA configuration.

o Degree d, dimension s: (

@ Step 2: Evaluate T for the given test points.
e Step 3: Polynomial interpolation.
@ Step 4: Check the obtained bound.

e Evaluating a CRS is a difficult task because of nondeterminism.

o Choice between several equations.
e Choice between several values for the recursive calls.

Th(X):l—l— Th(X/) {0§X’§5}

o Choice between an infinite amount of values!
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@ Step 1: Choose test points.

d+s

%) points in a NCA configuration.

o Degree d, dimension s: (

@ Step 2: Evaluate T for the given test points.
e Step 3: Polynomial interpolation.
@ Step 4: Check the obtained bound.

e Evaluating a CRS is a difficult task because of nondeterminism.

o Choice between several equations.
e Choice between several values for the recursive calls.

Th(X):1—|— Th(X/) {0§X’§5}

o Choice between an infinite amount of values!

Th(x,y) = 0 {x>y}
Th(Xv.y) = 1+Th(X/,)/) {X<_y,X/>X}
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Outline

© Nondeterministic CRS
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Evaluation of CRS in presence of nondeterminism

@ Solution: evaluate a CRS in a bottom-up fashion.

T(x. T(x,y,)
Rl ) &
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Evaluation of CRS in presence of nondeterminism

@ Solution: evaluate a CRS in a bottom-up fashion.

T(x,
T(x.Y,) Uiy (70,5, ] (’Y)

‘ O,y — ‘ A
2

T(x,,)|
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Topy)] o oy, (’” A,

‘ O,y — ‘ A
2

T(x,,)|
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Evaluation of CRS in presence of nondeterminism

@ Solution: evaluate a CRS in a bottom-up fashion.

jice _ o) ﬁ’*
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Evaluation of CRS in presence of nondeterminism

@ Solution: evaluate a CRS in a bottom-up fashion.

,y X.,Y..)
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Evaluation of CRS in presence of nondeterminism

Characterization of the A; sets

@ We characterize the A; sets in terms of the guards of the CRS.

o yp(X): base guard.
o v, (x.X'): recursive guard

90(%) Y (%) A VX'~ (3,%)

0i(%) € go(x) V [(BX . (X, X)) AVR (W (X %) = 91 (X)) (i >0)

W
Theorem

Ai={x| @i(x)}

A\

@ Quantifier elimination methods: Cooper (1972)
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Evaluation of CRS in presence of nondeterminism

(x,y) = 0 {x>y}
Th(x,y) = 1+ Th(xX,y) {x <y, x'>x}

>
>
>
S
<
Il
<
vV
<
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Searching for test nodes

Gradient-based approach

@ The graph of h(x) in s+1 dimensional space is the union of sets
A ={(x,i) | x € A\Ai_1}

@ It may be viewed as a collection of upside-down terraces.

q' A, @ The gradient Vh = (%,%) shows

A, the direction of the greatest increase
] rate of the function.

o e his not a continuous function.

@ Gradient ~ direction of closest-point
in the next-level terrace.
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v : _ (dh oh

}' g @ The gradient Vh = (W’W> shows

A A, the direction of the greatest increase

] rate of the function.
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Searching for test nodes

Gradient-based approach

o Given:

Initial level fp.
Number of routes r.
Length of routes /.

o such that rx/> (djs)

Initial points xoj, j € {1..r} (vertices or edges of Aj))

@ Foreachi=ip+1.../
e Foreachj=1.r

@ The next i-th point on the j-th route x; ; is computed as the closest to
xj—1,j point on A\A;_;.

@ Check whether the routes satisfy NCA condition

© Solve the corresponding linear equation system (interpolation)
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T(x,y) = nat(x) {x=0,y =0}
T(x,y) = nat(x)+T(x—1,x—1) {x>0,y=0}
T(x,y) = nat(x)+ T(x,y—1) {x>0,y >0}
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Outline

Q@ Conclusions
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Conclusions

@ Applied polynomial interpolation-based techniques in order to extend
the PUBS recurrence solver.

e linear ranking functions = polynomial ranking functions.

e Complement the existing technique (Podelski-Rybalchenko: complete
for linear RFs)
Future work
o Integration within PUBS.
e Logarithmic bounds: log p(x).

@ Adjustment of standard interpolation: approximation (upper bounds).
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